It is well-known that Lorentzian voltage pulses with integer quantum flux can lead to noiseless current in quantum conductors. The current is carried by charged quasiparticles in the Fermi sea of the conductors, which have well-defined wave functions and have been named as "levitons". However, it is not clear how levitons evolve as the flux of the pulses changes continuously toward a fractional value. To answer this question, we introduce a set of Wannier-like single-body wave functions, which can be used to describe the quantum states of the quasiparticles injected by Lorentzian pulses with arbitrary flux. We show that, by tuning the flux of the pulses, levitons can evolve into quasiparticles carrying fractional charges. In the meantime, additional fractional-charged quasiparticles can also be excited, which can form neutral electron-hole pairs. The information of these quasiparticles can be extracted from the shot noise of the current. These knowledge can be helpful for the time-resolved quantum control of propagating electrons in solid-state circuits. arXiv:2004.00743v1 [cond-mat.mes-hall] 1 Apr 2020
I. INTRODUCTION
In the past decade, much effort has been devoted to the on-demand single-electron source, within which electron wave packet carrying single or few electric charges can be injected coherently into a quantum conductor [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In a simple way, such injection can be realized by applying a nanosecond pulse on the Ohmic contact of the conductor, as illustrated in Fig. 1 . In this setup, the charges carried by the wave packet are decided by the flux of the pulse, while the detailed quantum state of the wave packet can be controlled via fine-tuning the profile of the pulse. This offers a simple but feasible approach to archive the timeresolved quantum control of propagating electron wave packet in solid-state circuits [19] [20] [21] [22] .
Generally speaking, the wave packet is composed of charged quasiparticles in the Fermi sea (|F ) of the conductor, which are usually accompanied by a neutral cloud of electron-hole (eh) pairs 23, 24 . Remarkably, it is possible to inject a "clean" wave packet without eh pairs, which can be done by tuning the pulse to be a Lorentzian with integer quantum flux 25, 26 . In doing so, one obtains an integer-charged wave packet, which has a simple structure: It is composed of only soliton-like charged quasiparticles, which has been named as "levitons". Each leviton carries a unit electric charge and can be described by a well-defined wave function 26, 27 . The corresponding quantum state of the integer-charged wave packet can be described by the Slater determinant built from the wave functions of levitons, demonstrating an elegant protocol for the quantum control of the wave packet in solid-state circuits [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
By tuning the flux of the Lorentzian pulse, the integercharged wave packet can evolve into a fractional-charged one, which has a more complicated structure. For example, when the flux is tuned to half the quantum flux, the quantum state of the corresponding wave packet can be decomposed into two mixed states: one represents the neutral cloud of eh pairs, while the other one can be regarded as a zero-energy quasiparticle with an effec- (a) Schematic of the on-demand electron injection via the voltage pulse V (t). By applying V (t) on the contact of the quantum conductor, electron (hole) or eh pairs from the reservoir (region I) can be injected into the quantum conductor (region III). The voltage drop is assumed to occur across a short interval at the interface (region II). (b) Schematic of the applied voltage pulse train. The pulse train is composed of identical Lorentzian pulses, which can be characterized by half width at half maximum W and Faraday flux ϕ. These pulses are separated by a time interval T . tive e/2 charge 41 . These two states make the fractionalcharged wave packet can exhibit distinctly different features from the wave packet built from levitons [42] [43] [44] [45] , providing an alternative perspective to explore the quantum control of the wave packet.
What happens when the integer-charged wave packet evolves towards the fractional-charged one? It has been shown that the excitation probabilities of the eh pairs can increase dramatically, which is closely related to the dynamical orthogonality catastrophe 46, 47 . However, the detailed behavior of the wave functions of the eh pairs remain unknown. It is also not clear how a leviton can evolve into a fractional-charged quasiparticle. To answer these questions, one needs to describe the quantum states for both integer-and fractional-charged wave packets in a unified manner, which is still missing.
In this paper, we fill this gap by examining the case when a train of Lorentzian pulses with repetition period T is applied on the Ohmic contact, as illustrated in Fig. 1(b) . In this case, the injected charges are carried by a train of wave packets, where the charge Q of each wave packet can be solely decided by the flux ϕ of the Lorentzian pulses as Q = eϕ. The quantum state of the train |Ψ train can be written as
where |Ψ l describes the quantum state of the l-th wave packet. We find that both the charged quasiparticles and the eh pairs in the l-th wave packet can be described by a set of single-body wave functions ψ α k (t − lT ), with α = c for the charged quasiparticles and α = e/h for the electron/hole component of the eh pairs. By introducing the corresponding annihilation operators
withâ(t) being the electron annihilation operator in the time domain, the wave packet can be described by the Slater determinant as
where p k represents the excitation probabilities of the eh pairs.
The wave functions ψ α k (t) behave like Wannier functions in the time domain, which offers an intuitive way to interpret the time-resolved behavior of both the charged quasiparticles and eh pairs. It is worth noting that the index k of the Wannier functions ψ α k (t) is essentially a discrete compound index, which can be written as k = [n, m] with n and m being two non-negative integers. The integer n is crucial in understanding the behavior of the Wannier functions ψ α k (t). In particular, the corresponding charge Q α k can be directly related to n as
Q/e − (n − 1), for Q/e ∈ [n − 1, n], Q/e − n, for Q/e ∈ (n, n + 1], 0, otherwise.
This indicates that the Wannier functions can represent quasiparticles carrying fractional charges in fractionalcharged wave packet. The above approach allows us to study in detail how the integer-charged wave packet can evolve into the fractional-charges one. For the integer-charged wave packet, the Wannier functions ψ c k (t) of the charged quasiparticles agree with the wave functions of levitons, corresponding to Q c k /e = 1. In the meantime, all the probabilities p k vanish, indicating the absence of eh pairs.
As the integer-charged wave packet evolves into a fractional-charged one, the charges Q c k /e decrease continuously from 1 into fractional values, indicating that levitons can evolve gradually into fractional-charged quasiparticles. In the meantime, additional fractional-charged quasiparticles [ψ e/h k (t)] can also be excited, which can form neutral eh pairs. Typically, there can exist only a few eh pairs in the wave packet, while the other pairs are negligible due to their small probabilities p k .
We find that both the probabilities p k and the charges Q e/h k of the eh pairs can manifest themselves in the excess shot noise induced by the wave packet, making it possible to extract their information experimentally. This demonstrates that our approach can offer a new perspective in understanding the quantum state of the wave packet, which can be applied to both the integer-and fractionalcharged wave packets.
The paper is organized as follows: In Sec. II, we present the model of the system and introduce a general expression for the quantum states of the wave packet in the Wannier representation. We demonstrate typical behaviors of the Wannier functions in Sec. III. In Sec. IV, we elucidate how the quantum state of the wave packet evolves as the flux of pulse changes. The corresponding shot noise induced by the wave packet is discussed in Sec. V, from which the evolution of the wave packet can be seen experimentally. We summarizes in Sec. VII.
II. QUANTUM STATE OF THE WAVE PACKET
The electron source can be modeled as a single-mode quantum conductor, as illustrated in Fig. 1(a) . We choose the driving voltage V (t) of the form
which corresponds to a train of Lorentzian pulses with repetition period T . The strength of each Lorentzian pulse can be described by the flux ϕ, while the width of the pulse can be characterized by the half width at half maximum W , as illustrated in Fig. 1(b) . One usually has W < T so that the pulses are well-separated in the time domain.
The voltage drop V (t) between the contact and the conductor is assumed to occur across a short interval, so that the corresponding dwell time τ D satisfies: k B T e /T < /W /τ D E F , with E F representing the Fermi energy and T e representing the electron temperature. In this case, the scattering matrix of the system can be solely determined by the driving voltage V (t) as
Given the scattering matrix, the electrons in the contact and the conductor can be related via the equation
whereâ(t) andb(t) represent the electron annihilation operators in the Ohmic contact and the quantum conductor, respectively. In this electron source, the current corresponding to the injected charges can be simply given as I(t) = (e 2 /h)V (t). This indicates that the charges are carried by a train of wave packets. The charge Q of each wave packet in the train can be solely decided by the flux ϕ as
For simplicity, here we assume Q/e > 0 so that the wave packets carry negative charges.
A. Wave functions in Floquet space
To find the quantum state of the injected wave packets, we first perform the polar decomposition of the scattering matrix. For the system under periodic driving, it is natural to do this in Floquet space 48, 49 , which can be generally written as 50, 51 
with asterisk denoting the complex conjugation. In the above expression, the quantity p k (ω) is real, which sat-
with α = c, e and h. These functions can form normalized orthogonal basis within a single period, i.e.,
All these functions can be characterized by two indices ω and k. The index ω has the unit of frequency, which satisfies ω ∈ [0, Ω) with Ω = 2π/T being the repetition rate of the pulses. The compound index k = [n, m] is discrete, which can be described by two dimensionless non-negative integers n and m, i.e., n, m = 0, 1, 2, .... The function u α k (ω, t) essentially corresponds to the single-body wave function of the charged quasiparticles (α = c) and the neutral eh pairs (α = e, h), while p k (ω) represents the excitation probability of the eh pairs 50,51 . In general cases, both u α k (ω, t) and p k (ω) can exhibit a complicated dependence on ω. For the scattering matrix given in Eq. (6), we find that the ω-dependence can be much simpler: First, the probabilities p k (ω) are independent on ω and can hence be written as p k for short. Second, u α k (ω, t) can be written in the form of separation of variables as
where F Q k (ω) is a real function defined in the region ω ∈ [0, Ω), which is solely decided by the charge Q of the wave packet as
with H(ω) representing Heaviside step function 52 . The
which is defined in the whole time domain t ∈ (−∞, +∞). This function usually has to be obtained numerically.
B. Wannier representation in the time domain
Given the wave function u α k (ω, t) and the probability p k , the corresponding many-body state of the wave packet can be constructed as a Slater determinant built from them. However, the detailed expression of the Slater determinant is not uniquely defined. It can exhibit different forms, corresponding to different sets of single-body wave functions. As the driving voltage V (t) corresponds to a train of pulses with repetition rate T [see Eq. (5)], it is favorable to express the single-body wave functions in a similar form 53 . This can be done by defining a new set of wave functions ψ α
with l = 0, ±1, ±2, .... The function ψ α k (t) can be understood as the Wannier function in the time domain 53,54 , which offers an intuitive way to interpret the timeresolved behavior of the charged quasiparticles (α = c) and eh pairs (α = e, h). 
It is worth noting that the available parameter space of the compound index k = [n, m] for the Wannier function ψ α k (t) is different for the charged quasiparticles and the eh pairs: one has m < n for the charged quasiparticles, while m ≥ n for the eh pairs. This can be demonstrated more intuitively in Table I .
By using the information of the Wannier functions ψ α k (t), probabilities p k and the parameter space of k = [n, m], we can express the quantum state of the wave packets in the Wannier representation, which has been given in Eqs. (2) and (3) 50, 51 . Such expression provides a unified description of the quantum states of the wave packets, which allows us to study how the integer-charged wave packet can evolve into the fractional-charged one.
III. TYPICAL BEHAVIORS OF THE WANNIER FUNCTIONS
For wave packets carrying integer and fractional charges, the Wannier functions ψ α k (t) can exhibit different behaviors. To offer concrete examples for these behaviors, in this section we show the quantum states of the wave packets carrying an unit (Q = e) and onehalf (Q = e/2) electric charges, which can be injected by choosing the flux of the pulse ϕ to be 1.0 and 0.5, respectively. To make the discussion more specific, we choose W/T = 0.1 in both cases.
A. Wave packet with unit charge
Let us start our discussion from the wave packet carrying an unit electric charge (Q = e). In this case, the quantum state of the wave packet has the form into (15)]
with sinc(t) = sin(πt)/(πt) being sinc function. The complex periodic function U c [1,0] (t) can be given analytically in this case, which has the form
with A = cosh(πW/T ) sinh(πW/T )/T being the normalization constant. The Wannier function ψ c [1,0] (t) essentially corresponds to the wave function of a leviton. In previous works, such leviton is described by the function U c [1,0] (t), which can also be obtained from the time-dependent shot noise 27 . We compare typical behaviors of U c [1,0] (t) (black dashed curve) and ψ c [1,0] (t) (red solid curve) in Fig. 2 . From the figure, one can see that U c [1,0] (t) is periodic in the whole time domain. In contrast, ψ c [1,0] (t) exhibits a single peak around t = 0, making it largely concentrated inside a single period. This indicates that that the Wannier function can offer a more "localized" description in the time domain, providing an intuitively way to characterize the feature of quasiparticles.
In particular, by using the Wannier function ψ c [1,0] (t), the current corresponding to the train of wave packets |Ψ train can be cast into the form [see Appendix A for details]
Here the term e|ψ c [1,0] (t)| 2 can be understood as the current carried by a single leviton. By integrating this term over the whole time domain, one obtains the charge Q c [1, 0] carried by the leviton as
B. Wave packet with one-half charge
Now we turn to the wave packet carrying one-half electric charges (Q = e/2). In this case, we find that the wave packet contains one charged quasiparticle (k = [1, 0]) and one eh pair (k = [0, 0]), with the corresponding probability p [0,0] = 0.08. The other eh pairs are negligible due to their small excitation probabilities 55 . The corresponding many-body state can then be written as
One can see that the charged quasiparticle in such wave packet can still be described by the Wannier function ψ c [1,0] (t). However, since one has Q = e/2 in this case, the expression of ψ c [1,0] (t) takes a different form
Moreover, the complex function U c [1,0] (t) is also different from Eq. (18) and has to be obtained numerically.
The behavior of the functions U c [1,0] (t) (black dashed) and ψ c [1,0] (t) (red solid) are shown in Fig. 3 with thick curves. The thin curves are replots of Fig. 2 for better comparison. By comparing the two figures, one can see that while the amplitude of U c [1,0] (t) is suppressed in Fig. 3 , the overall profiles of U c [1,0] (t) still exhibit qualitatively similar behaviors in both figures. In contrast, the profile of ψ c [1,0] (t) is significantly different: Instead of a single peak shown in Fig. 2 , it can exhibit three peaks in Fig. 3 : one is inside the period around t = 0, while the other two peaks lie in the two "neighborhood" periods. This suggests that the Wannier function ψ c [1,0] (t) tends to become less localized in this case, which can spread into multiple periods.
For the eh pair k = [0, 0], the corresponding Wannier function can also exhibit the same behaviors. This is demonstrated in Fig. 4 , where the green and blue solid curves represent the Wannier function ψ e [0,0] and ψ h [0,0] , respectively. The Wannier function ψ c [1, 0] in Fig. 3 is also replotted here for better comparison. One can see clearly that these Wannier functions exhibit quite similar profiles: They can exhibit three peaks, which can spread into multiple periods. We also re-plot the corresponding functions in Fig. 2 with thin curves for comparison. The above examples suggest that the Wannier functions ψ α k (t) can exhibit different profiles: In the integercharged wave packet (Q/e = n), they can concentrate in a single period around t = 0, corresponding to levitons carrying a unit electric charge. In the fractional-charged wave packet (Q/e = n), they can spread into multiple periods, corresponding to quasiparticles carrying fractional charges. These behaviors offer a simple way to characterize the quantum states for both the charged quasiparticles (α = c) and eh pairs (α = e, h). In the following sections, we will show that they allow us to better understand the evolution of the quasiparticles as the charge Q of the wave packet changes.
IV. EVOLUTION OF THE CHARGED QUASIPARTICLES
Let us first concentrate on the charged quasiparticles, which can be solely described by the Wannier function ψ c k (t). In Fig. 5 , we demonstrate the evolution of the Wannier function ψ c [1, 0] (t) and the corresponding charge from 0.0 to 1.0, the profile of the Wannier function ψ c [1,0] (t) is enhanced and gradually concentrated into the single period around t = 0. In the meantime, the charge Q c [1, 0] increases linearly from 0.0 to 1.0. This indicates that the charged quasiparticle k = [1, 0] can evolve continuously from a fractional charged quasiparticle to the leviton, which carries a unit electric charge. Note that one has Q c [1,0] = Q in this region, indicating that there exists only one charged quasiparticle in the wave packet.
As Q/e further increases from 1.0 to 2.0, the profile of the Wannier function ψ c [1, 0] (t) are suppressed and strongly broaden, which can occupy multiple periods. Accordingly, the charge Q c Fig. 6 . By comparing Fig. 6 to Fig. 5 , one can see that although the detailed profile of the Wannier functions can be different, all of them evolve in a quite similar way as Q increases: They can evolve continuously into a leviton when Q/e increases from n−1 to n, while they can vanish gradually when Q/e further increases from n to n + 1 [Remind that n = 1 for Fig. 5 and n = 2 for Fig. 6 ].
The above discussion shows that the evolution of the charged quasiparticles can be described by both the Wannier functions ψ c k (t) and the corresponding charges Q c k . In fact, it is adequate to describe the evolution of the charged quasiparticles by using only the charges Q c k . This usually offers a more neat way to elucidate the evolution of multiple charged quasiparticles, as demonstrated in Fig. 7 
V. EVOLUTION OF ELECTRON-HOLE PAIRS
The electron and hole components of the eh pair k = [n, m] are just two charged quasiparticles, which carry the same amount of charges but with opposite signs. Hence the evolution of them can be described following exactly the same way in the previous section. In fact, [0,0] /e| = 1 56 . As Q/e increases, it can evolve into a fractional charged quasiparticle, which vanishes for Q/e > 1.0.
Note that one has |Q e/h [0,0] /e| = 1 for Q/e = 0 does not mean that the corresponding eh pair can be excited at this point, since a full description of the eh pairs requires an additional knowledge of the excitation probabilities p k . In Fig. 9(a) , we show the corresponding excitation probabilities p k for the eh pairs. From the red curve in the figure, one can see that p [0,0] → 0 as Q/e approaches 
VI. SHOT NOISE
Experimentally, it is possible to detect the Wannier functions ψ α k (t) by using the quantum tomographic method developed in recent years 32, 53 . However, if only the charges Q α k and probabilities p k are required, one can extract these information from the shot noise induced by the wave packet, which usually much easier.
A. Excess shot noise
When the wave packet is partitioned at a localized scatter with transmission probability D, both the charged quasiparticles and eh pairs can contribute to the shot noise per period S N . In the zero-temperature limit, it can be written as [see Appendix A for details]
with S 0 = 2 e 2 h D(1 − D) Ω being the typical scale of the shot noise.
The first part S c N is due to the contribution of the charged quasiparticles. It can be directly related to the charge Q c k of the quasiparticles as
From Eq. (23), one has k Q c k /e = Q/e. Hence this part is simply proportional to the charge Q of the wave packet and cannot offer the detailed information of the charged quasiparticles.
In contrast, the second part S One can see that both the charges Q e k (Q h k ) of the electron(hole) component and the excitation probability p k of the eh pairs can manifest themselves in this part. This is just the excess shot noise, which has been used to characterize the total number of eh pairs in previous works 26, 27, 42, 57 .
Equation (26) offers a way to decompose the excess shot noise S eh N into the contribution of individual eh pairs. By using the information of the charges Q e/h k and probabilities p k shown in Fig. 9 , such decomposition can be shown in Fig. 10 . In the figure, the red solid, green dashed and blue dotted curves represent the contributions from the eh pairs k = [0, 0], k = [1, 1] and k = [2, 2], respectively. One can see that these eh pairs dominate the excess shot noise S eh N in different regions, which coincide with the probabilities p k shown in Fig. 9 . Such decomposition makes it possible to extract the probabilities of individual eh pairs from the excess shot noise. It is also helpful for the understanding of the elementary charge transfer process 58 . 
VII. SUMMARY AND OUTLOOK
In summary, we have present a general approach to extract the quantum state of wave packets injected by Lorentzian pulses with arbitrary flux. We show that both the charged quasiparticles (α = c) and the electron/hole components (α = e/h) of the eh pairs in the wave packets can be described by Wannier wave functions ψ α k (t), which offers an intuitive way to interpret their time-resolved behaviors. In integer-charged wave packets, the charged quasiparticles are levitons, without accompanied eh pairs. In fractional-charged wave packets, both the charged quasiparticles and the electron/hole components of the eh pairs can be regarded as quasiparticles carrying fractional charges, which satisfies |Q α k /e| < 1. By using these behaviors, the evolution of the quantum states of the wave packet can be elucidated in a neat way. The evolution can also be seen from the shot noise of the current, providing a new perspective in understanding the nature of the wave packet.
It is worth noting that our approach is rather general and can be applied to pulses with arbitrary profiles. This makes it possible to fully explore the potential of the voltage pulse electron source 21, 47 , which can be helpful for the application in electron quantum optics. 
